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1.1. $\mathfrak{a}$ $\{,$ $\rangle$ $\acute\supset$ .
$\Sigma\subset a-\{0\}$ $a$ , 3
.
(1) $a=$ span $(\Sigma)$ .
(2) $\alpha,\beta\in\Sigma$ $s_{\alpha}\beta\in\Sigma$ .
(3) $\alpha,$ $\beta\in\Sigma$
$2 \frac{\{\alpha,\beta\rangle}{||\alpha||^{2}}\in \mathbb{Z}$ .
$\Sigma$ $\Sigma$
.
1.2. $a$ $\{$ , $\}$ . $(\tilde{\Sigma}, \Sigma, W)$
$a$ (symmetric triad) (1) $\sim(6)$
.
(1) $\tilde{\Sigma}$ $\mathfrak{a}$ .
(2) $\Sigma$ { $a$ $J$ .
(3) $W$ $-1$ $\mathfrak{a}$ $\tilde{\Sigma}=\Sigma\cup W$ .
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(4) $l= \max\{\Vert\alpha|||\alpha\in\Sigma\cap\ddagger/\gamma"\}$ $\Sigma\cap W=\{\alpha\in\tilde{\Sigma}|\Vert\alpha||\leq l\}$ .
(5) $\alpha\in W,$ $\lambda\in\Sigma-W$
$2 \frac{\langle\subset y\lambda\rangle}{||\alpha||^{2}}$ $\Leftrightarrow s_{\alpha}\lambda\in W-\Sigma$ .
(6) $\alpha\in W,$ $\lambda\in W-\Sigma$
$2 \frac{\{\alpha,\lambda\}}{||\alpha||^{2}}$ $\Leftrightarrow s_{\alpha}\lambda\in\Sigma-W$.
$(\tilde{\Sigma}, \Sigma, W)$
$\mathfrak{a}$ , (4) $\Sigma\cap W$ $\mathfrak{a}$
.
$13$ . $(\tilde{\Sigma}, \Sigma, \mathfrak{h}\gamma)$ $\mathfrak{a}$ . $\lambda\in(\Sigma-W)\cup(W-\Sigma)$
$\alpha,$ $\beta\in\Sigma\cap W$ $\lambda=\alpha+\beta$ .
$(\tilde{\Sigma}, \Sigma, W)$
$\mathfrak{a}$ . $\tilde{\Sigma}$ $\tilde{\Pi}$





$\Gamma$ $=$ $\{X\in a|\{\lambda,$ $X \}\in\frac{\pi}{2}\mathbb{Z}$ $(\lambda\in\Sigma^{\sim})\}$ ,
$\Gamma_{\Sigma\cap W}$ $=$ $\{X\in a|\{\alpha,$ $X \rangle\in\frac{\pi}{2}\mathbb{Z}$ $(\alpha\in\Sigma\cap W)\}$
. 13 $\Gamma=\Gamma_{\Sigma\cap W}$ .
15. $\Gamma$ .
16. $(\tilde{\Sigma}, \Sigma, \mathcal{W}^{r}),$ $(\tilde{\Sigma}’, \Sigma’, \nu V’)$ $a,$ $\mathfrak{a}’$ .
$(\tilde{\Sigma}, \Sigma, \uparrow V)$ $(\tilde{\Sigma}’,$ $\Sigma’$ , It” $)$ $f$ : $aarrow a’$
$Y\in\Gamma$ $f(\tilde{\Sigma})=\tilde{\Sigma}’$
$\Sigma’-W’$ $=$ $\{f(r\nu)|c\nu\in\Sigma-\mathcal{W}_{\gamma}^{r}\{\alpha,$ $2Y\}\in 2\pi \mathbb{Z}\}$
$\{f(\alpha)|\alpha\in \mathfrak{h}\gamma^{r}-\Sigma, \langle\alpha, 21^{\nearrow}\}\in\pi+2\pi \mathbb{Z}\}$ ,
$W’-\Sigma’$ $=$ $\{f(\alpha)|\alpha\in\nu V-\Sigma,$ $\langle\alpha,$ $2Y\}\in 2\pi Z\}$
$\{f(\alpha)|c\nu\in\Sigma-$ $’, \langle\alpha, 2Y\}\in\pi+2\pi \mathbb{Z}\}$
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$(\tilde{\Sigma}, \Sigma, W)$ $(\tilde{\Sigma}’, \Sigma’, I4^{\gamma\prime})$ , $(\tilde{\Sigma}, \Sigma, i/V)\sim(\tilde{\Sigma}’, \Sigma’, W’)$ .
, $f(\Sigma\cap 7\phi^{r})=\Sigma’\cap T,\eta^{r/}$ . $\sim$ .
1.7. $\Sigma$ $W^{r}ey1$ $7-|_{-}^{\Gamma}(\Sigma)$ $7l^{7}$ .
18. $\mathfrak{a}$ $a_{r}$ .
$a_{r}= \bigcap_{\lambda\in\Sigma,\alpha\in W}\{H\in a|\{\lambda,$
$H\rangle\not\in\pi \mathbb{Z},$ $\{\alpha,$ $H \rangle\not\in\frac{\pi}{2}+\pi \mathbb{Z}\}$
$a_{r}$ , $\mathfrak{a}-a_{r}$ . $a_{r}$ .
L9. $\{(s_{\lambda}, \frac{2n\pi}{||\lambda||^{2}}\lambda)|\lambda\in\Sigma, n\in \mathbb{Z}\}\cup\{(s_{\alpha}, \frac{(2r\iota+1)\pi}{||\alpha||^{2}}\alpha)|\alpha\in W,$ $n\in$
$\mathbb{Z}\}$ $O(a)\ltimes a$ $|/\tilde{V}(\tilde{\Sigma}, \Sigma, 7V)$ $(\tilde{\Sigma}, \Sigma, W)$
Affine Weyl .
$(s_{\lambda}, \frac{2n\pi}{||\lambda||^{2}}\lambda)$ $a$ $\{\lambda, H\}=n\pi$ ,
$(s_{\alpha}, \frac{(2n+1)\pi}{||\alpha||^{2}}\alpha)$ $a$ $\{\alpha, H\}=\frac{2n+1}{2}\pi$ .





$W_{0}=\{\alpha\in\nu V^{+}|\alpha+\lambda\not\in\nu\uparrow" (\lambda\in\Pi)\}$ (1.1)
. $\nu V_{0}\neq\emptyset$ .
1.12. $(\tilde{\Sigma}, \Sigma, W)$ $a$ . $\mathbb{R}^{+}=\{x\in \mathbb{R}|x\geq 0\}$
. $m,$ $n;\tilde{\Sigma}arrow \mathbb{R}^{+}$ .
(1) $m(\lambda)=m(-\lambda)$ , $n(\alpha)=n(-\alpha)$
$m(\lambda)>0\Leftrightarrow\lambda\in\Sigma$ , $n(\alpha)>0\Leftrightarrow\alpha\in W$
(2) $\lambda\in\Sigma,$ $\alpha\in W,$ $s\in \mathfrak{h}V(\Sigma)$ , $m(\lambda)=m(s\lambda),n(\alpha)=n(s\alpha)$
(3) $\sigma\in W(\tilde{\Sigma}),$ $\lambda\in\tilde{\Sigma}$ , $n(\lambda)+m(\lambda)=n(\sigma\lambda)+m(\sigma\lambda)$
(4) $\lambda\in\Sigma\cap W,$ $\alpha\in 7\eta^{\gamma}$, .
$\frac{2\langle\alpha,\lambda\rangle}{||\alpha||^{2}}$ , $m(\lambda)=m(s_{\alpha}\lambda)$ ,
$\frac{2\{\alpha,\lambda\rangle}{||\alpha||^{2}}$ , $rn(\lambda)=\uparrow\nu(s_{\alpha}\lambda)$ .
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, $m(\lambda),n(\alpha)$ $\lambda,$ $\alpha$ .
$(\tilde{\Sigma}, \Sigma, \nu\iota/’)$ . $H\in a$
$m_{H}=-$
$\sum_{+,\langle\lambda,JJ\rangle e_{\tau}^{\pi}\lambda\in\Sigma}m(\lambda)\cot(\{\lambda. H\})\lambda+$$ sum_ lpha\in w+,z a,lJ rangle e_{\t u^{z}}^{\pi}}n(\alpha)\tan(\langle\alpha,$
$H\rangle)\alpha$ .
, $m_{H}$ $H$ .
$F(H)=-$
$\sum_{+,(\lambda,H\rangle\not\in\pi\tau^{Z}\lambda\in\Sigma}m(\lambda)\log|\sin(\{\lambda,$ $H \rangle)|-\langle\alpha,H\rangle\not\in\S Z\sum_{\alpha\in W+}n(\alpha)\log|\cos(\langle\alpha,$
$H\rangle)|$
. $Vol(H)=\exp(-F(H))(>0)$ $H$ .
$(\tilde{\Sigma}, \Sigma, \nu V)$ . $\lambda\in\Sigma\cap$
$W,$ $\alpha\in\nu\gamma$ . (3), (4)
$\frac{2(\alpha,\lambda\rangle}{||\alpha||^{2}}$ , $n(\lambda)=n(s_{\alpha}\lambda)$ ,
$\frac{2(\alpha,\lambda\rangle}{||\alpha||^{2}}$ , $n(\lambda)=m(s_{\alpha}\lambda)$ .
(3) $\sigma I\prime 7^{\gamma}(\tilde{\Sigma}),$ $\lambda,$ $\sigma\lambda\in\Sigma-W$ , $m(\lambda)=m(s\lambda)$ .
$\sigma\in W(\tilde{\Sigma}),$ $\lambda,$ $\sigma\lambda\in\uparrow\eta_{1-\Sigma}^{\gamma}$ , $n(\lambda)=n(s\lambda)$ .
$\sigma\in W(\tilde{\Sigma}),$ $\lambda\in\Sigma-M_{7}’\sigma\lambda\in$ ,r– $\Sigma$ , $m(\lambda)=n(s\lambda)$ .
$\tilde{\Sigma}$ (3)
. $\lambda,$ $\mu\in\tilde{\Sigma}$ . $\Vert\lambda||=\Vert\mu\Vert$ $m(\lambda)+n(\lambda)=m(\mu)+n(\mu)$ .
1.13. $(\tilde{\Sigma}, \Sigma, W)$ $\mathfrak{a}$ . $H\in a,$ $\sigma=$
$(s, X)$ Affine Weyl $H’=\sigma H\in \mathfrak{a}$ . ,
$l^{\gamma}o1(H’)=l^{\gamma}o1(H)$ , $m_{H’}=sm_{H}$
1.14. $(\tilde{\Sigma}, \Sigma, |/l^{\prime^{V}})$ $a$ . $H\in \mathfrak{a}$
$m_{H}=0$ .
1.15. $(\tilde{\Sigma}, \Sigma, W)$ $\mathfrak{a}$ $($/$)$ . $H\in a$ aus-
tere
$\{-\lambda\cot(\langle\lambda, H\})$ $($ $=m(\lambda))|\lambda\in\Sigma^{+},$ $\{\lambda, H\rangle\not\in\frac{\pi}{2}\mathbb{Z}\}$







1.17. $H\in a$ austere
(1) $\langle\lambda,$ $H \}\in\frac{\pi}{2}\mathbb{Z}$ $\lambda\in(\Sigma-\uparrow-7^{\gamma})\cup(W-\Sigma)$ .
(2) $2H\in\Gamma_{\Sigma\cap W}$ .
(3) $m(\lambda)=n(\lambda)$ $\langle\lambda,$ $H \}\in\frac{\pi}{4}+\frac{\pi}{2}\mathbb{Z}$ $\lambda\in\Sigma\cap W$
.
:
$B_{r}^{+}=\{e_{i}, e_{i}\pm e_{j}\}$ , $C_{r}^{+}=\{2e_{i}, e_{i}\pm e_{j}\}$ ,
$BC_{r}^{+}=\{e_{i}, 2e_{i}.e_{i}\pm e_{j}\}$ , $D_{r}^{+}=\{e_{i}\pm e_{j}\}$ ,
[1] .
1.18. $(\tilde{\Sigma}, \Sigma, w^{\gamma},)$ $\mathfrak{a}$ . , $(\tilde{\Sigma},\Sigma,W)$
. (1.1) $W_{0}$
. $=\{\tilde{\alpha}\}$ , .
(I) $\Sigma\supset W,$ $\Sigma\neq W$
(II) $\Sigma\subset W,$ $\Sigma\neq \mathcal{W}^{7}$
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(I’) $\Sigma\neq W$ (I),(II)
$(I’- F_{4})_{R^{1J}}^{\pi}$
$\Sigma^{+}$
$=$ $\{F_{4}^{+}\sigma)$ $-|\sim\}\cup\{e_{1},\pm e_{2}, e_{3}\pm e_{4}\}\cong C_{4}$ ,
$W^{+}$ $=$ { $F_{4}^{+}$ } $\cup$ $\{el\pm e_{3}, e_{1}\pm e_{4}, e_{2}\pm e_{3}, e_{2}\pm e_{4}\}$ ,
$\tilde{\alpha}$ $=$ $e_{1}+e_{3}$ .
$(I’- B_{r})_{R^{\downarrow}}^{ffl}(r\geq 3)$
$\Sigma^{+}=B_{s}^{+}\cup B_{r-s}^{+}$ , ’ $+=(B_{r}^{+}-\Sigma)\cup\{e_{i}\}$ , $\tilde{\alpha}=e_{1}+e_{s+1}$ .
$(I’- BC_{r}- A_{1}^{r})_{R}^{tPI}$
$\Sigma^{+}=BC_{s}^{+}\cup BC_{r-s}^{+}$ , $\uparrow\uparrow r+=(BC_{r}^{+}-\Sigma)\cup\{e_{i}\}$ , $\tilde{\alpha}=e_{1}+e_{s+1}$ .
(III) $\tilde{\Sigma}=\Sigma=W$ , $\tilde{\alpha}$ $\tilde{\Sigma}$ .
$(I- F_{4})\sim(I’- F_{4})$ , $(I- BC_{r}- A_{1}^{r})\sim(I’- BC_{r}- A_{1}^{r})$ ,
$(I- C_{r})\sim(I’- C_{r})$ . $(I- B_{\gamma}.)\sim(I’- B_{r})$
.
1.19. $(\tilde{\Sigma}, \Sigma, W)$ .
$P_{0}= \{H\in a|\{\tilde{\alpha}, H\}<\frac{\pi}{2},0<\langle\lambda,$ $H\}$ $(\lambda\in\Pi)\}$
.
$=\{\alpha_{1}, \cdots,\alpha_{r}\}$ . 14 $m_{i}\in \mathbb{Z}$ $\tilde{\alpha}=$
$\Sigma m_{i}\alpha_{i}$ . 1.18 $m_{i}\geq 1$ . $1\leq i\leq r$
$i$ $\{\alpha_{1}, \cdots, \alpha_{i-1}, \alpha_{i+1}, \cdots, \alpha_{r},\tilde{\alpha}\}$ .
$H_{i}\in \mathfrak{a}$ .
$\{H_{i},\tilde{c\nu}\}=\frac{\pi}{2}$ . $\{H_{i},$ $x_{j}\}=0$ $(j\neq i)$ .
,




1.21. $(\tilde{\Sigma}, \Sigma, W)$ $a$ . $H\in\overline{P_{0}}$ austere
.
(1) $\lambda\in\Sigma^{+}-f\Psi^{+}$ $\langle\lambda,$ $H\}=0,$ $\frac{\pi}{2},$ $\pi$ .
(2) $\alpha\in M^{\gamma+}-\Sigma^{+}$ $\{\alpha, H\}=0,$ $\pm\frac{\pi}{2}$ .
(3) $\alpha\in\Sigma^{+}\cap W^{+}$ $\langle 0/,$ $H\}=0,$ $\frac{\pi}{4},$ $\frac{\pi}{2}$ .













, $\triangle_{1},$ $\triangle_{2}\subset\Pi\cup\{\iota\tilde{\iota}\}$ $\triangle_{1}\subset\triangle_{2}\Leftrightarrow P_{0}^{\Delta_{1}}\subset\overline{P_{0}^{\Delta_{2}}}$ .







$\Pi=\{\alpha_{1}=e_{1}-e_{2},$ $\cdots,$ $\alpha_{7-1}=e_{r-1}-e_{r},$ $\alpha_{r}=e_{r}\}$ , $\tilde{\alpha}=e_{1}=\sum_{i=1}^{r}\alpha_{i}$
$H_{i}= \frac{\pi}{2||e1||’2}\Sigma_{j=1}^{i}e_{j}(1\leq i\leq r)$ .
$H\in\overline{P_{0}}$ $\Leftrightarrow H$ .
$m_{1}>0,$ $m_{2}>0,$ $n_{1}>0$
$m_{1}=m(e_{i}),$ $m_{2}=m(e_{i}\pm e_{j}),$ $n_{1}=n(e_{i})$ .
$m_{1}=n_{1}$ , $H\in\overline{P_{0}}$ austere
$H= \frac{1}{2}H_{r}$ .
$m_{1}\neq n_{1}$ $H\in\overline{P_{0}}$ austere .
2.2 $(I-C_{r})$
$=\{\alpha_{1}=e_{1}-e_{2}, \cdots , \alpha_{r-1}=e_{r-1}-e_{r}, \alpha_{r}=2e_{r}\}$ ,
$\tilde{\alpha}=e_{1}+e_{2}=\alpha_{1}+2\sum_{i=2}^{r-1}\alpha_{i}+\alpha_{r}$
$H_{1}= \frac{\pi}{2\Vert e_{1}\Vert^{2}}e_{1},$
$H_{j}= \frac{\pi}{4\Vert e_{1}\Vert^{2}}\sum_{i=1}^{j}e_{i}$ $(2\leq j\leq r)$ .
$H\in\overline{P_{0}}$ $\Leftrightarrow H=0_{:}H_{1},$ $H_{r}$ .
$r\geq 3$ $\prime rr\iota_{1}>0^{J}rr\iota_{2}>0$
$m_{1}=m(e_{i}\pm e_{j})=n(e_{i}\pm c_{j}^{J})$ , $m_{2}=m(2e_{i})$ .
$r=2$ ,
$m_{1}=m(e_{1}\pm c_{2}),$ $m_{2}=rn,(2c_{i}),$ $n_{1}=n(e_{1}\pm e_{2})$ .
$H\in\overline{P_{0}}$ austcrc




$H_{i}= \frac{\pi}{2\Vert e_{1}\Vert^{2}}\sum_{j=1}^{i}e_{j}$ $(1\leq i\leq r)$ .
$H\in$ $\Leftrightarrow H$ –PO .
$\gamma\gamma l_{1}>0,r\gamma\iota_{2}>0,rn_{3}>0,n_{1}>0$
$m_{1}=m(e_{i}),$ $m_{2}=m(e_{i}\pm e_{j}),$ $m_{3}=m(2e_{i}),$ $n_{1}=n(e_{i})$ .
$m_{1}=n_{1}$ , $H\in\overline{P_{0}}$ austere
$H= \frac{1}{2}H_{r}$ .
$m_{1}\neq n_{1}$ , $H\in\overline{P_{0}}$ austere .
2.4 $(I- BC_{r}- B_{r})E^{\mathfrak{l}\downarrow}$
$\Pi=\{\alpha_{1}=e_{1}-e_{2},$ $\cdots,$ $\alpha_{7-1}=e_{7-1}-e_{r},$ $\alpha_{r}=e_{r}\}$ ,
$\tilde{\alpha}=e_{1}+e_{2}=\alpha_{1}+2\sum_{i=2}^{r}\alpha_{i}$
$H_{1}= \frac{\pi}{2\Vert e_{1}\Vert^{2}}e_{1}$ , $H_{j}= \frac{\pi}{4\Vert e_{1}\Vert^{2}}\sum_{i=1}^{j}e_{i}$ $(2\leq j\leq r)$ .
$H\in\overline{P_{0}}$ $\Leftrightarrow H=0,$ $H_{1}$ .
. $r\geq 3$ ,
$m(e_{i})=n(e_{i})=coii_{\iota}st$ , $?r|,(e_{i}\pm e_{j})=\gamma\iota(e_{/i}\pm e_{j})=$ const, $rn(2e_{i})=$ const.
$r=2$ ,
$m(e_{i})=n(c_{i})=$ const, $m(2e_{i})=$ const.
$r\geq 3$ , $H\in\overline{P_{0}}$ austere
$H= \frac{1}{2}H_{1},$ $H_{i}(2\leq i\leq r)$ .
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$r=2$ , $H\in\overline{P_{0}}$ austere
:
$m(e_{1}\pm e_{2})=n(e_{1}\pm e_{2})\sigma)f;$ $|hH= \frac{1}{2}H_{1},$ $H_{2}$ .
$m(e_{1}\pm e_{2})\neq n(e_{1}\pm e_{2})U)k$ $\}hH=H_{2}$ .
2.5 $(I- F_{4})E^{1}$
$=\{\alpha_{1}=e_{2}-e.\cdot,,$ $\alpha_{2}=e.’-e_{4},$ $\alpha.’=e_{4},$ $\alpha_{4}=\frac{1}{2}(e_{1}-e_{2}-e_{3}-e_{4})\}$ ,
$\tilde{\alpha}=e_{1}=\alpha_{1}+2\alpha_{2}+3\alpha_{3}+2\alpha_{4}$
$H_{1}= \frac{\pi}{2\Vert e_{1}\Vert^{2}}(e_{1}+e_{2})$ , $H_{2}= \frac{\pi}{4||e_{1}||^{2}}(2e_{1}+e_{2}+e_{3})$ ,
$H_{3}= \frac{\pi}{6\Vert e_{1}\Vert^{2}}(3e_{1}+e_{2}+e_{3}+e_{4})$ , $H_{4}= \frac{\pi}{2||e_{1}\Vert^{2}}e_{1}$
$H\in\overline{P_{0}}$ $\Leftrightarrow H=0_{:}H_{1}$ .
$\alpha\in TV$ $m(\alpha)=n(\alpha)$ .
$H\in\overline{P_{0}}$ austere $H=H_{4}$ .
2.6 $(II- BC_{r})$ $(r\geq 1)$
$\Pi=\{\alpha_{1}=e_{1}-e_{2}, \cdots, \alpha_{r-1}=e_{r-1}-e_{r}, \alpha_{r}=e_{r}\}$ , $\tilde{\alpha}=2e_{1}=2\sum_{i=1}^{r}\alpha_{i}$
$H_{i}= \frac{\pi}{4\Vert e_{1}\Vert^{2}}\sum_{j=1}^{i}e_{j}$ $(1\leq i\leq r)$ .
$H\in$ $\Leftrightarrow H=0$ .
$n_{1}>0$ . $rl_{2}>0,$ $n_{3}>0$
$n_{1}=n(e_{i})=m(e_{i})$ , $n_{2}=n(e_{i}\pm e_{j})=m(e_{i}\pm e_{j})$ , $n_{3}=n(2e_{i})$ .
$H\in\overline{P_{0}}$ austere
lf $H=H_{i}(1\leq i\leq r)$ .
130
2.7 $(III- A_{r})\ovalbox{\tt\small REJECT}^{I\downarrow}$
$=\{\alpha_{1}=e_{1}-c_{2}^{J},$ $\cdots,$ $c\iota_{r-1}^{l}=e_{r-1}-e_{r},$ $\alpha_{r}=e_{r}-e_{r+1}\}$ ,
$\tilde{\alpha}=e_{1}-e_{r+1}=\sum_{-,i-- 1}^{r}\alpha_{i}$
$H_{j}= \frac{\pi}{2(r+1)\Vert e_{1}\Vert^{2}}((r+1-j)\sum_{i=1}^{j}e_{i}-j\sum_{i=j+1}^{r+1}e_{i})$




$H= \frac{1}{2}H_{i},$ $\frac{1}{2}(H_{i}+H_{j})(i<j)$ .
2.8 $(III-B_{r})$
$=\{\alpha_{1}=e_{1}-e_{2}, \cdots, \alpha_{r\cdot-1}=e_{r-1}-e_{r}, \alpha_{r}=e_{r}\}$ ,
$\tilde{\alpha}=e_{1}+e_{2}=\alpha_{1}+2\sum_{i=2}^{r}\alpha_{i}$
$H_{1}= \frac{\pi}{2\Vert e_{1}\Vert^{2}}e_{1}$ , $H_{j}= \frac{\pi}{4\Vert e_{1}\Vert^{2}}\sum_{?,=1}^{j}e_{i}$ $(2\leq j\leq r)$ .
$H\in\overline{P_{0}}$ $\Leftrightarrow H=0,\cdot H_{1}$ .
. $r\geq 3$ , $m_{\mathfrak{l}}>0,m_{2}>0$
$m_{1}=m(e_{i})=n(c_{i})$ , $m_{2}=m(c_{i}\pm e_{j})=n(e_{i}\pm e_{j})$ $(i\neq j)$ .
131
$r=2$ , $m_{\rceil}>0,$ $m_{2}>0_{7}\iota>0$
$m_{1}=m(e_{i})=n(e_{i})$ , $m_{2}=m(e_{1}\pm e_{2})$ , $n=n(e_{1}\pm e_{2})$ .
$H\in\overline{P_{0}}$ austere
$H= \frac{1}{2}H_{1},$ $H_{i}(2\leq i\leq r)$ .
2.9 $(III- C_{r})gI\downarrow$
$\Pi=\{\alpha_{1}=e_{1}-e_{2},$ $\cdots,$ $\alpha_{r-1}=e_{r-1}-e_{r},$ $\alpha_{r}=2e_{r}\}$ ,
$\tilde{\alpha}=2e_{1}=2\sum_{i=1}^{r-1}\alpha_{i}+\alpha_{r}$
$H_{i}= \frac{\pi}{4\Vert e_{1}\Vert^{2}}\sum_{=\dot{J}1}^{i}e_{j}(1\leq i\leq r)$ .
$H\in$ $\Leftrightarrow H=0,$ $H_{r}$ .
$m_{1}>0,m_{2}>0,n_{2}>0$
$m_{1}=m(e_{i}\pm e_{j})=n(e_{i}\pm e_{j})$ , $m_{2}=m(2e_{i})$ , $n_{2}=n(2e_{i})$
$H\in\overline{P_{0}}$ austere
.
(1) $m_{2}\neq n_{2}$ , $H=H_{i}(1\leq i\leq r-1)$
(2) $m_{2}=n_{2}$ , $H=H_{i}(1\leq i\leq r\cdot-1),$ $\frac{1}{2}H_{r}$
2.10 $(III-BC_{r})$
$\Pi=\{\alpha_{1}=e_{1}-e_{2},$ $\cdots,$ $\alpha_{7-1}=e_{r\cdot-1}-e_{r},$ $\alpha_{r}=e_{r}\}$ ,
$\tilde{\alpha}=2e_{1}=2\sum_{i=1}^{r}\alpha_{i}$
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$H_{i}= \frac{\pi}{4\Vert\prime}\sum_{j=1}^{\iota}e_{j}$ $(1\leq i\leq r)$ .
$H\in\overline{P_{0}}$ $\Leftrightarrow H=0$ .
:
$r=2$ , $\gamma n_{1}>0$ $m_{1}=m(e_{i})=n(e_{i})$ .
$r\geq 3$ , $m_{1}>0,m_{2}>0,m_{3}>0,n_{3}>0$
$m_{1}=\cdot m(e_{i})=n(e_{i}),$ $m_{2}=m(e_{i}\pm e_{j})=n(e_{i}\pm e_{j})$ ,
$m_{3}=m(2e_{i}),$ $n,\cdot,$ $=n(2e_{i})$ .
$H\in\overline{P_{0}}$ austere $H=$
$H_{i}(1\leq i\leq r)$ .
2.11 $(III-D_{7}.)$
$\Pi=\{\alpha_{1}=e_{1}-e_{2},$ $\alpha_{2}=e_{2}-e_{3},$ $\cdots,$ $\alpha_{r-1}=e_{r-1}-e_{r},$ $\alpha_{r}=e_{r-1}+e_{r}\}$ ,
$\tilde{\alpha}=e_{1}+e_{2}=\alpha_{1}+2\sum_{i=2}^{r-2}\alpha_{i}+\alpha_{r-1}+\alpha_{r}$
$H_{1}= \frac{\pi}{2||e_{1}\Vert^{2}}e_{1},$ $H_{r-1}= \frac{\pi}{4\Vert e_{1}\Vert^{2}}(\sum_{j=1}^{r-1}e_{j}-e_{r}),$ $H_{r}= \frac{\pi}{4||e_{1}||^{2}}\sum_{j=1}^{r}e_{j}$
$H_{i}= \frac{\pi}{4\Vert e_{1}\Vert^{2}}\sum_{\uparrow=1}^{i}e_{j}(2\leq i\leq r\cdot-2)$
1.20 $H\in$ $\Leftrightarrow H=0,$ $H_{1},$ $H_{?}.{}_{-1}H_{r}$ .
.m $>0$ $\lambda\in\tilde{\alpha}$ $m=m(\lambda)=$
$n(\lambda)$ .
$H\in\overline{P_{0}}$ austere
$H=H_{i}(2\leq i\leq 7^{\cdot}-2),$ $\frac{1}{2}H_{1},$ $\frac{1}{2}H_{r-1},$ $\frac{1}{2}H_{r}$ ,







$n(\lambda)$ . $H\in\overline{P_{0}}$ aiistere




1.20 $H\in\overline{P_{0}}$ $H=0,H_{7}$ .
$H\in\overline{P_{0}}$ austere
$H=H_{1},$ $H_{2},$ $H_{6_{\dot{\prime}}} \frac{1}{2}H_{7}$ .





$n(\lambda)$ . $H\in\overline{P_{0}}$ austere $H=$
$H_{1},$ $H_{8}$ .
$H_{2},$ $H_{3},$ $H_{4},$ $H_{5},$ $H_{6},$ $H_{7}$ austere .
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2.15 $(III-F_{4})$
$\Pi=\{\alpha_{1}=e_{2}-e_{3},$ $\alpha_{2}=c_{3}-e_{4},$ $c\iota_{3}=e_{4},$ $\alpha_{4}=\frac{1}{2}(e_{1}-e_{2}-e_{3}-e_{4})\}$ ,
$\tilde{\alpha}=e_{1}+e_{2}=2\alpha_{1}+3\alpha_{2}+4\alpha:\}+2\alpha_{4}$
$H_{1}= \frac{\pi}{4\Vert e_{1}\Vert^{2}}(e_{1}+e_{2})$ , $H_{2}= \frac{\pi}{6\Vert e_{1}\Vert^{2}}(2e_{1}+e_{2}+e_{3})$ ,
$H_{3}= \frac{\pi}{8\Vert e_{1}\Vert^{2}}(3e_{1}+e_{2}+e_{3}+e_{4})$ , $H_{4}= \frac{\pi}{2\Vert e_{1}||^{2}}e_{1}$ .
120 . $H\in\overline{\Gamma_{0}}$ $\Leftrightarrow H=0$ .
$m_{1}>0,rn_{2}>0$
ml $=$ m( ) $=$ n( ), m2 $=$ m( ) $=$ n( )
$H\in\overline{P_{0}}$ austere $\Leftrightarrow H=H_{1},$ $H_{4}$ .
$H_{2},$ $H_{3}$ austere .
2.16 $(III-G_{2})$
$\Pi=\{\alpha_{1}=e_{1}-e_{2}, \alpha_{2}=-2e_{1}+e_{2}+e_{3}\}$ , $\tilde{\alpha}=-e_{1}-e_{2}+2e_{3}=3\alpha_{1}+2\alpha_{2}$
$H_{1}= \frac{\pi}{6\Vert e_{1}\Vert^{2}}(2\prime y_{1}+(x_{2})=\frac{\pi}{6\Vert e_{1}\Vert^{2}}(-e_{2}+e_{3})$ ,
$H_{2}= \frac{\pi}{12\Vert e_{1}\Vert^{2}}\tilde{\alpha}=\frac{\pi}{12\Vert e_{1}\Vert^{2}}(-e_{1}-e_{2}+2e_{3})$.
1.20 . $H\in\overline{P_{(1}}$ $\Leftrightarrow H=0$ .
$m_{1}>0,\uparrow n_{2}>0$
$m_{1}=m($ $)=n($ $)$ , $m_{2}=m($ $)=n($ $)$





$(G, K_{1}),$ $(G, K_{2})$ compact : , $G$ compact
Lie $G$ $\theta_{i}(i=1,2)$
$(G_{\theta_{i}})_{0}\subset K_{i}\subset G_{\theta_{i}}$ . $G_{\theta_{i}}$ $G_{\theta_{i}}=\{g\in G|$
$\theta_{i}(g)=g\}$ $G$ $(G_{\theta_{i}})_{0}$ $G_{\theta_{i}}$
. $G$ Aut $(G)$ - Riemann $\langle$ , $\}$ .
$M_{i}=G/K_{i}(i=1,2)$ $\{$ , $\}$ $G$- Riemann
( $\{$ ) $\rangle$ ) compact Riemann . $G$
Lie $g,$ $K_{1},$ $I_{12}’(1)$ Lie. $t_{1},$ $t_{2}$ , $\theta_{i}$ $g$
$\theta_{i}$ . $g$ : $\theta_{i}$ $-1$
$\mathfrak{m}_{i}$
$g=t_{i}\oplus \mathfrak{m}_{i}$ $(i=1,2)$ ( )
$\pi_{i}:Garrow M_{i}$ . $AtI_{1}$ $K_{2}$- $\{K_{2}\pi_{1}(g)|g\in G\}$
$G$ $\sim$ :
$g_{1}\sim g_{2}\Leftrightarrow k_{1}\in K_{1},$ $k_{2}\in A_{1}^{\nearrow}$ $g_{2}=k_{2}g_{1}k_{1}^{-1}$ .
,
$g_{1}\sim g_{2}\Leftrightarrow A_{l}’\pi_{\rceil}(g_{2})=K_{2}\pi_{\rceil}(g_{1})$
, $K_{2}$ - $I\iota_{2}’\backslash G/K_{1}$ .
$K_{2}\backslash G/K_{1}$ $K_{1}\backslash G/K_{2}$ :
$K_{2}\backslash G/K_{1}\cong K_{1}\backslash G/K_{2};[g]rightarrow[g^{-1}]$ .
$G$ $G_{12}$
$G_{12}=\{g\in G|\theta_{1}(g)=\theta_{2}(g)\}$
. $G_{12}$ $\theta=\theta_{1}=\theta_{2}$ . $G_{12}$
$(G_{12})_{0}$ $K_{12}$
$K_{12}$ $=$ $\{g\in(G_{12})_{0}|\theta(g)=g\}$
. , $((G_{12})_{0}, K_{12})$ compact . $G_{12}$ Lie
$g_{12}$
$g_{12}=(t_{1}\cap t_{2})\oplus(\mathfrak{m}_{I}\cap \mathfrak{m}_{2})$ .
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$a\subset \mathfrak{m}_{1}\cap m_{2}$ . $\exp a$ $(G_{12})_{0}$ ,
, . $M_{1}$ $K_{2}$ - $\pi_{1}(\exp a)$
, $\dim a$ ([3]). $K_{2}$-
$\tilde{J}$
$\tilde{J}=\{([t^{-};], 1^{r})\in 4V_{h_{2}’}. (\mathfrak{a})/Z_{K_{1}\cap K_{2}}(\mathfrak{a})\ltimes \mathfrak{a}|\exp(-Y)s\in K_{1}\}$.
. $([s_{1}], Y_{1})([s_{2}], \}_{2}^{r})=([s_{1}s_{2}],Ad(s_{1})Y_{2}+Y_{1})$ $Aa$
. $([s], Y)^{-1}=([s^{-1}], -Ae1(s^{-1})I^{\nearrow})$ . $Z_{K_{2}}(a)1$ $N_{K_{2}}(\mathfrak{a})$
. $i=1,2$ $N_{K_{i}}(a)/Z_{K;}(a)$ $W_{i}(a)$ .
$\varphi_{2}:N_{K_{2}}(\mathfrak{a})/Z_{K_{1}\cap K_{2}}(\mathfrak{a})arrow T^{j}V_{2}(a)$
. $\tilde{J}$ $\mathfrak{a}$ :
$([s], Y)Z=Ad(\varphi_{2}(s))Z+l^{\nearrow}$.
, $[s]=$ Ad $(\varphi_{2}(s))$ .
$\epsilon_{0}^{B}\not\in 3.1$ . $[13]$ $I\zeta_{2}\backslash G/K_{1}\cong a/\tilde{J}$.
3.2. $\tilde{J}_{12}$ $\tilde{J}$ $K_{1}$ $K_{2}$
$\tilde{J}_{12}=\{(Ad(t), Z)\in N_{/<\iota}(a)/Z_{l\backslash ’\iota\cap\kappa_{2}}.(a)\ltimes \mathfrak{a}|\exp(-Z)t\in K_{2}\}$
$\tilde{J}\cong\tilde{J}_{12};(Ad(s), l^{7})rightarrow(Ad(\exp(-l^{\nearrow})s), -Y)$
.
$a/\tilde{J}\cong IC_{2}’\backslash G/K_{1}\cong K_{1}\backslash G/IC_{2}\cong a/\tilde{J}_{12}$ ,




$\Sigma$ . compact $(G_{12},$ $K_{1}\cap$
$K_{2})$ weyl $N_{K_{1}\cap I\iota_{2}’}(a)/Z_{Ti\downarrow\cap K_{2}}(\mathfrak{a})$ $\{s_{\lambda}|\lambda\in\Sigma\}$
$W(\Sigma)$ : $7T”(\Sigma)=N_{\kappa_{\iota\cap’\langle 2}}(a)/Z_{lf_{1}\cap c_{2}}(a)$ . $W(\Sigma)$ $W_{2}(a)$
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. $I\cdot\prime f^{\gamma}(\Sigma)$ $(\mathfrak{a})$ .
$a$ $M^{r}/(\Sigma)\subset I\ddagger_{1}^{7}(\mathfrak{a})\cap\dagger k^{\gamma_{2}}(a)$ . $\lambda\in\Sigma$ $\mathfrak{m}_{1}\cap \mathfrak{m}_{2}$
$\mathfrak{m}_{\lambda}$
$t_{\rceil}\cap t_{2}$ $t_{\lambda}$ :
$\mathfrak{m}_{\lambda}$ $=$ $\{X\in \mathfrak{m}_{1}\cap \mathfrak{m}_{2}|[H, [H. X]]=-\{\lambda, H\rangle^{2}X (H\in a)\}$,
$f_{\lambda}$ $=$ $\{X \in t_{1}\cap t_{2}|[H, [H, X]]=-\langle\lambda, H\}^{2}X$ $(H\in \mathfrak{a})\}$ .
$\Sigma$ . $\Sigma^{+}$ . $a$
$g_{12}$ $t$ . $g_{12}$ $t$ $\tilde{R}$




34. $\lambda\in\Sigma_{7l}\in Z$ . , $(s_{\lambda}, \frac{2n\pi}{||\lambda||^{2}}\lambda)\in\tilde{J}$ .
3.5. $\lambda\in\Sigma$ $rn(\lambda)=\dim \mathfrak{m}_{\lambda}$ . ,
.
(1) $m(\lambda)=m(-\lambda)$ .
(2) $\mu\in\Sigma$ $m(s_{l}\lambda)=m(\lambda)$ .
$g\in G$
$T_{\pi\iota(g)}(K_{2} \pi_{1}(g))=\{\frac{d}{rft}\exp tX\pi_{1}(g)_{|\iota=0}|X\in t_{2}\}$
$g_{*}^{-1}T_{\pi_{1}(g)}(K_{2}\pi_{1}(g))$ $=$ $\{\frac{d}{dt}\pi_{1}(\exp tAd(g^{-1})X)_{|\iota=0}|X\in t_{2}\}$
$=$ $(Ad(g^{-1})t_{2})_{m_{1}}$
$g_{*}^{-1}T_{\pi_{1}(g)}^{\perp}(K_{2}\pi_{1}(g))$ $=$ $\{X\in m_{1}|\{X, Ad(g^{-1})t_{2}\rangle=0\}$
$=$ $\{X\in m_{1}| Ad(g)X\in m_{2}\}$ .
$m_{1}$ Lie triple system . $K_{2}$- $\pi_{1}(g)$
$(I\iota_{2}’)_{\pi\iota(g)}$ $=$ $\{k\in I\iota_{2}’|k\pi_{1}(g)=\pi_{1}(g)\}$
$=$ $\{k\in 1i_{2}^{\nearrow}|g^{-1}kg\in K_{1}\}$
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3.6. $\pi_{1}(g)$ $K_{2}$- $(K_{\rceil})_{\pi_{2}(9^{-1})}$ Lie triple sys-
tem $\{X \in \mathfrak{m}_{1}| Ad(g)X\in \mathfrak{m}_{2}\}$ .
$x\in G$ $\tau_{x}$ . $\rho\in$ Aut $(G)$ . $G$
$Garrow G;g\mapsto p(g)x^{-1}$ 2 compact $G/K_{1}$
$G/\tau_{x}\rho(K_{1})$
$G/K_{1}arrow G/\tau_{x}\rho(K_{1});gK_{1}\mapsto\rho(g)x^{-1}\tau_{x}\rho(K_{1})$
. $\pi_{x}$ : $Garrow G/\tau_{x}p(K_{1})$
$K_{2}$- $I’\pi(g)$ $\rho(K_{2})$- $\rho(IC_{2})\pi_{x}(\rho(g)x^{-1})$ .




3.7. [14] $(\theta_{1},\theta_{2}),$ $(\theta_{1}’,\theta_{2}’)$ $G$ 2 .
$(\theta_{1},\theta_{2})\sim(\theta_{1}’, \theta_{2}’)$ :
$\rho\in Aut(G)$ $x\in G$ $\theta$ /1 $=\tau_{x}\rho\theta_{1}\rho^{-1}\tau_{x}^{-1}$ , $\theta_{2}’=\rho\theta_{2}\rho^{-1}$ .
Lie :
3.8. [14] $(\theta_{1},\theta_{2}),$ $(\theta_{1}’,\theta_{2}’)$ $g$ 2 .
$(\theta_{1},\theta_{2})\sim(\theta_{1}’,\theta_{2}’)$ : $\rho\in$ Aut(g) $\mathfrak{g}$
$\tau$ $\theta_{1}’=\tau\rho\theta_{1}p^{-1}\tau^{-1}$ , $\theta_{2}’=\rho\theta_{2}\rho^{-1}$ .
$\pi_{1}(\exp a)\subset M_{1}$ $K_{2}$- $K_{2}$- $I\zeta_{2}\pi_{1}(g)$
$g=\exp H(H\in a)$ . ,
$g_{*}^{-1}T_{\pi_{1}(g)}^{\perp}(It_{2}’\pi_{1}(g))=\{X\in \mathfrak{m}_{1}| Ad(\exp H)X\in \mathfrak{m}_{2}\}$
$\mathfrak{a}$ $g_{*}^{-1}T_{\pi_{1}(g)}^{\perp}(It_{2}^{r}\pi_{1}(g))$ .
$Ad$ $((K_{1})_{\pi 2(9^{-1})})\mathfrak{a}=\{X\in \mathfrak{m}_{1}| Ad(g)X\in m_{2}\}$
$\mathfrak{a}$ .
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3.9. $\tilde{h}I$ Riemann , $1\lambda I$ $4\mathfrak{h}^{\sim}\prime I$ , $M$
$A$ . $M$ $\xi$
$A_{\xi}$ $-1$ , $-1$
, $\Lambda/I$ austere . austere
.
Austere Harvey-Lawson [4] .
.








. $\alpha\in \mathfrak{a}$ $g$ $g^{\mathbb{C}}$ $g(a,\alpha)$









$\theta_{1}\theta_{2}$ $g^{\mathbb{C}}$ 1 $\gammaarrow$-
$\grave\grave$
$\epsilon\in U(1)\}$
$g(a, \alpha)$ $g(\mathfrak{a}, \alpha, \epsilon)$
$g(a, \alpha, \epsilon)=\{X\in g(\mathfrak{a}, \alpha)|\theta_{1}\theta_{2}X=\epsilon X\}$
$g(a_{:}\alpha)=\sum_{\epsilon\in U(1)}g(a,\alpha,\epsilon)$
.




$\tilde{\Sigma}$ ( $a$ ’ $\triangleright$ . ,
$t_{1}+?_{2}=(t_{1}\cap t_{2})\oplus(t_{1}\cap m_{2})\oplus(m_{1}\cap t_{2})$
(3.4)
$g=(t_{1}\cap t_{2})\oplus(t_{1}\cap \mathfrak{m}_{2})\oplus(\mathfrak{m}_{1}\cap t_{2})\oplus(\mathfrak{m}_{1}\cap \mathfrak{m}_{2})$
,
$[\mathfrak{a}, t_{1}\cap \mathfrak{m}_{2}]\subset \mathfrak{m}_{1}\cap t_{2}$ , $[\mathfrak{a}, \mathfrak{m}_{1}\cap t_{2}]\subset t_{1}\cap \mathfrak{m}_{2}$
.
$\sum_{\alpha\in\Sigma}g(a, \alpha, 1)=\sim(\sum_{\lambda\in\Sigma}t_{\lambda}\oplus\sum_{\lambda\in\Sigma}\mathfrak{m}_{\lambda})^{\mathbb{C}}$
$\Sigma=\{\alpha\in\tilde{\Sigma}|g(a, \alpha, 1)\neq\{0\}\}$ .
$\lambda\in\Sigma$
$g(a, \lambda, 1)\oplus g(a, -\lambda, 1)=(t_{\lambda}\oplus \mathfrak{m}_{\lambda})^{\mathbb{C}}$
$t_{1}\cap m_{2}$ $m_{1}\cap\beta_{2}$
$V(t_{1}\cap \mathfrak{m}_{2})$ $=$ $\{X\in t_{1}\cap \mathfrak{m}_{2}|[\mathfrak{a}, X]=0\}$ ,





$V^{\perp}(t_{1}\cap \mathfrak{m}_{2})$ $=$ $\{X\in t_{\rceil}\cap m_{2}|X\perp V(t_{1}\cap \mathfrak{m}_{2})\}$ ,
$V^{\perp}(\mathfrak{m}_{1}\cap f_{2})$ $=$ $\{X\in m_{1}\cap t_{2}|X\perp V(m_{1}\cap t_{2})\}$
$\mathfrak{e}_{1}\cap \mathfrak{m}_{2}=V(t_{1}\cap \mathfrak{m}_{2})\oplus l^{r\perp}/(t_{1}\cap m_{2})$ ( ),
$m_{1}\cap t_{2}=V(\mathfrak{m}_{1}\cap \mathfrak{e}_{2})\oplus 1^{r\perp}(m_{1}\cap f_{2})$ ( )
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$3.12$ .




$(a.\alpha$ . $-1)=I^{r\perp}(t_{1}\cap \mathfrak{m}_{2})\oplus V^{\perp}(t_{2}\cap m_{1})$
$V$ ( Riemann $\exp \mathfrak{a}$ . $\alpha\in \mathfrak{a}$
$V(\alpha)=\{X\in V^{\mathbb{C}}| (adH)X=\sqrt{-1}\langle\alpha, H\}X$ $(H\in \mathfrak{a})\}$




$V^{\mathbb{C}}$ $v$ $X\in I/^{\prime \mathbb{C}}$ $\overline{V(\alpha)}=V(-\alpha)$ .
$\alpha\in T\phi^{r}$ $-\alpha\in 7t^{r}$ ,
$V(\alpha)\oplus V(-\alpha)=\{X\in V^{\mathbb{C}}|$ $($ ad$H)^{2}X=-\{\alpha, H)^{2}X (H\in a)\}$ .
$(V(\alpha)\oplus V(-\alpha))\cap\uparrow/=\{X\in\dagger/^{r}|$ $($ ad $H)^{2}X=-\{\alpha, H\rangle^{2}X (H\in a)\}$ .
$V_{\alpha}^{\perp}(t_{1}\cap \mathfrak{m}_{2})$ $=$ $(V(\alpha)\oplus V(-\alpha))\cap V^{\perp}(t_{1}\cap m_{2})$ ,
$1_{\alpha}^{r\perp}/(f_{2}\cap \mathfrak{m}_{1})$ $=$ $(V(\alpha)\oplus V(-\alpha))\cap V^{\perp}(t_{2}\cap \mathfrak{m}_{1})$
$V_{\alpha}^{\perp}(t_{1}\cap \mathfrak{m}_{2})=\iota_{-\alpha}/^{r\perp}(t_{1}\cap \mathfrak{m}_{2})$ , $t_{\alpha}^{r\perp}/(f_{2}\cap m_{1})=t_{-\alpha}^{r\perp}(t_{2}\cap \mathfrak{m}_{1})$
.
$W=\{(J^{c}\in\tilde{\Sigma}|g(a,$ $(\nu, -1)\neq\{0\}\},$ $\tilde{\Sigma}=\Sigma\cup W$ (3.6)
. $\alpha\in\nu V$
$g(a, \alpha, -1)\oplus g(a, -\alpha, -1)=(L_{r\iota}^{\prime\perp}’(t_{1}\cap m_{2})\oplus V_{\alpha}^{\perp}(t_{2}\cap \mathfrak{m}_{1}))^{\mathbb{C}}$
. $\alpha\in\nu 1/^{7}$ $n(\alpha)=\dim_{\mathbb{C}}g(a, \alpha, -1)$ .
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3.13. $\alpha\in 7\phi_{\eta}^{r_{6}}\cdot\in I’L^{\gamma}(\Sigma)$ $n(\alpha)=n(-\alpha),$ $n(s\alpha)=n(\alpha)$
.
$\tilde{\Sigma}=\Sigma\cup W$
$a$ ( 3.11) $\tilde{\Sigma}$ , $\tilde{\Pi}$
$\tilde{\Sigma}^{+}$ , $\Sigma^{+}=\Sigma\cap\tilde{\Sigma}^{+},$ $W^{+}=W\cap\tilde{\Sigma}^{+}$
. ,
$V^{\perp}( t_{1}\cap \mathfrak{m}_{2})=\sum_{\alpha\in W+}T_{a}^{\prime\perp}/(t_{1}\cap \mathfrak{m}_{2})$
,
$V^{\perp}( t_{2}\cap m_{1})=\sum_{\alpha\in W+}V_{\alpha}^{\perp}(f_{2}\cap m_{1})$
3.14. $\alpha\in\tilde{\Sigma}$ $s_{\alpha}$ $s_{\alpha}\in W_{2}(a)\cap W_{1}(a)$ .
3.15. [2, Cor. 5.2] $q=\exp H(H\in \mathfrak{a})$ . $K_{2}\pi_{1}(g)$
$\lambda\in\Sigma$ $\{\lambda,$ $H\rangle\not\in\pi \mathbb{Z}$ $\beta\in W$
$\langle\beta,$ $H \rangle\not\in\frac{\pi}{2}+\pi \mathbb{Z}$ .
3.16. $g\in G$ . $I\iota_{2}^{J’}\pi_{1}(g)$ $K_{1}\pi_{2}(g^{-1})$
.
3.17. $\lambda\in\tilde{\Sigma},$ $\sigma\in l/T^{f}(\tilde{\Sigma})$ $n(\lambda)+m(\lambda)=n(s\lambda)+m(s\lambda)$ .
$a$ $\mathfrak{a}_{r}$ :
$a_{r}=\{H\in \mathfrak{a}|K_{2}\pi_{\rceil}(\exp H)$ $\}$
$\mathfrak{a}_{7}$. . $P$ $\mathfrak{a}$ ,
.
3.18. $\alpha\in\nu V_{-}.n\in z$ . , $(s_{\alpha}, \frac{(2n+1)\pi}{||\alpha||^{2}}\alpha)\in\tilde{J}$ .
$\{(s_{\lambda},$ $\frac{2n\pi}{||\lambda||^{2}}\lambda)|\lambda\in\Sigma,$ $n\in Z\}\cup\{$ $(s_{\alpha},$ $\frac{(2r\iota+1)\pi}{||\alpha\Vert^{2}}\alpha)|\alpha\in W,$ $n\in \mathbb{Z}\}$
$\tilde{J}$ $I/\tilde{V}(\Sigma.\Sigma, T4’r)\sim$ .







, $\overline{P_{0}}$ . $G$
$\tilde{J}=\tilde{W}(\Sigma, \Sigma, W)\sim$ ([14, Prop. 3.1]).
3.21. $g=\exp H(H\in \mathfrak{a})$ . $A_{2}’\pi_{1}(g)\subset M_{1}$ $h$
.
(1) { $\alpha,$ $H\rangle,$ $\{\beta,$ $H\rangle\not\in\pi Z$
$g_{*}^{-1}h(g_{*}T_{\alpha}, g_{*}T_{\beta})=\cot(\{\beta, H))[T_{\alpha}, S_{\beta}]^{\perp}$ .
(2) $\{\alpha,$ $H\rangle,$ $\{\beta, H\}\not\in\frac{\pi}{2}+\pi Z$
$g_{*}^{-1}h(g_{*}1_{\alpha,i}^{\prime’}, g_{*}I_{\beta,j}^{\nearrow})=-\tan(\{\beta, H\})[1_{\alpha,i}^{\nearrow}, X_{\beta_{2}j}]^{\perp}$ .
(3) $Y_{0},$ $Y_{1}\in V(t_{2}\cap nt_{1})$ $h(g_{*}l_{\acute{0}},g_{*}Y_{1})=0$ .
(4) $\{\alpha,$ $H)\not\in\pi \mathbb{Z},$ $Y\in V(t_{2}\cap \mathfrak{m}_{1})$ $h(g_{*}T_{\alpha},g_{*}Y)=0$ .
(5) $\{\alpha,$ $H \rangle\not\in\frac{\pi}{2}+\pi \mathbb{Z},$ $Y\in V^{\perp}(t_{2}\cap \mathfrak{m}_{1})$ $h(g_{*}l_{\alpha,i}^{\nearrow},g_{*}l^{r})=0$ .
(6) $\langle\alpha,$ $H\}\not\in\pi Z,$ $\{\beta,$ $H \rangle\not\in\frac{\pi}{2}+\pi \mathbb{Z}_{arrow}-$
$g_{*}^{-1}h(g_{*}T_{\alpha}, g_{*}Y_{\beta,i})=\tan(\langle\beta, H\})[T_{\alpha}, X_{\beta,i}]^{\perp}$
3.22. $g=\exp H(H\in a)$ .
$m$ .
$If_{2}\pi_{1}(g)\subset M_{1}$
$g_{*}^{-1}m_{\pi_{1}(g)}=-( \lambda.H\rangle\not\in\pi Z\lambda\in\Sigma\sum_{+}m(\lambda)\cot(\{\lambda,$ $H \rangle)\lambda+\langle\cap.H\rangle\not\in\tau^{+\pi}\alpha\in w_{\pi}+\sum_{z}n(\alpha)\tan(\langle\alpha, H\rangle)\alpha$
.
[8, Cor. 2.8] $K_{2}\pi_{1}(g)\subset M_{1}$
. [6] .
















3.27. $G=$ Int(g) , $It_{2}’\pi_{1}(g)\subset M_{1}$ $K_{2}\pi_{1}(g)\subset$
$M_{1}$ .
3.28. ([2, Theorem 5.3] ) $g=\exp H(H\in a)$ . $\xi\in \mathfrak{a}_{-}\vee$
$K_{2}\pi_{1}(g)\subset M_{1}$ $A^{q_{*}\xi}$ .
$\{-\langle\xi, \lambda\}\cot(\langle\lambda, H\})($ $=m(\lambda))|\lambda\in\Sigma^{+},$ $\{\lambda, H)\not\in\pi \mathbb{Z}\}$
$\cup\{\langle\alpha,\xi\rangle\tan$ ( $\{\alpha, H\rangle)($ $=n( \alpha))|\alpha\in W^{+}, \langle\alpha, H\}\not\in\frac{\pi}{2}+\pi \mathbb{Z}\}$
$\cup$ {0( $=\dim(l\nearrow(f_{2}\cap m_{1}))$ )}.
3.28 [9, p. 459] :
3.29. $g=\exp H(H\in a)$ . $I_{t_{2}}’\pi_{1}(g)\subset$ $\Lambda$ austere
$a$
$\{-\lambda\cot(\{\lambda,$ $H\rangle)$ $($ $=m(\lambda))|\lambda\in\Sigma^{+},$ $\{\lambda, H\rangle\not\in\pi \mathbb{Z}\}$
$\cup\{\alpha\tan(\langle\alpha, H\rangle)$ ( $=-n,((y))|C\mathcal{Y}\in 7\eta^{7+},,$ $\langle\alpha,$ $H \rangle\not\in\frac{\pi}{2}+\pi \mathbb{Z}\}$
$-1$ .
3.22, 3.23, 329 .
3.30. $g\in G$ .
(1) $K_{2}\pi_{1}(g)\subset M_{1}$ $\text{ _{}J}\rfloora\Leftrightarrow K_{1}\pi_{2}(g^{-1})\subset\Lambda\ddagger I_{2}$ $/I^{a}$
(2) $If_{2}\pi_{1}(g)\subset i|/I_{1}$ $\Leftrightarrow K_{1}\pi_{2}(g^{-1})\subset\Lambda I_{2}$
(3) $K_{2}\pi_{1}(g)\subset M_{1}$ austere $\Leftrightarrow K_{1}\pi_{2}((J^{-1})\subset hI_{2}$ austere
$3.31$ . $(G,$ $K)$ compact , compact $M=G/K$





$3.32$ . (1) $(G, K_{1}, K_{2})$ conipact $G$ $,$ $\theta_{1}\theta_{2}=\theta_{2}\theta_{1}$
$\theta 1\not\simeq\theta_{2}$ . $(\tilde{\Sigma}, \Sigma, T’\ddagger/)$ $(G, K_{I}, A_{2}^{\nearrow})$
$(\tilde{\Sigma}, \Sigma, \nu V)$ $a$ .
$m(\lambda)=$ dimg $(a, \lambda, 1)(\lambda\in\Sigma)$ ,
$n(\alpha)=$ dimg $(a, \lambda, -1)(\alpha\in W)$ (3.7)
. $m(\lambda),$ $n(\alpha)$ ( 1.12) .
(2) $(G, K_{1}, IC_{2}),$ $(G, K_{1}’, K_{2}’)$ 2 compact $G$ , $\theta_{1}\theta_{2}=$
$\theta_{2}\theta_{1},$ $\theta_{1}\oint\theta_{2},$ $\theta_{1}’\theta_{2}’=\theta_{2}’\theta_{1}’,$ $\theta_{1}’\oint\theta_{2}’$ .
Hermann $(\tilde{\Sigma}, \Sigma, \nu V),$ $(\tilde{\Sigma}’, \Sigma’, |\psi’)$ . ,
$(G, K_{1}, K_{2})\sim(G, K_{1}’, A_{2}’’)$ $(\tilde{\Sigma}, \Sigma, T/V)\sim(\tilde{\Sigma}’, \Sigma’, W’)$ .
3.33. $H\in \mathfrak{a}$ $K_{2}$ - $I_{1^{\nearrow}2}\pi_{1}(c!xpH)$ .
(1) $K_{2}\pi_{1}(\exp H)$ $\Leftrightarrow H$
(2) $K_{2}\pi_{1}(\exp H)$ $\Leftrightarrow H$
(2) $K_{2}\pi_{1}(\exp H)$ austere $\Leftrightarrow H$ austere
(2) $It_{2}’\pi_{1}(\exp H)$ $\Leftrightarrow H$
[1] N. Bourbaki, Groupes et algebres de Lie, Hermann, Paris, 1975.
[2] O. Goertsches and G. Thorbergsson, On the geometry of orbits of
Hermann actions, Geom. Dedicata (2007) 129 pp. 101-118.
[3] E. Heintze, R. S. Palais, C. Terng, G. Thobergsson, Hyperpolar ac-
tions on symmetric spaces, Geometry, topology, &physics, 214-245,
Conf. Proc. Lccturc Notes Gcom. Topology, IV, Int. Press, Cam-
bridge, MA, 1995.
[4] R. Harvey and H. B. Lawson, Jr., Calibrated geometries, Acta Math.,
148 (1982), 47-157.
[5] S. Helgason, Differential Geometry, Lie groups, and symmetric
spaces, Academic Press, 1978.
146
[6] D. Hirohashi, O. Ikawa and H. Tasaki. Orbits of isotropy groups of
compact symmetric spaces, Tokyo J. Math. 24 (2001) 407-428.
[7] D. Hirohashi, H. Tasaki, H. Song and R. Takagi, Minimal orbits of
the isotropy groups of symmetric spaces of compact type, Differential
geometry and its applications 13 (2000) 167-177.
[8] O. Ikawa, T. Sakai and H. Tasaki, Orbits of Hermann actions, Osaka
J. Math. 38 (2001) 923-930.
[9] O. Ikawa, T. Sakai and H. Tasaki, Weakly reflective submanifolds
and austere submanifolds, J. Math. Soc. Japan. 61 (2009) 437-481.
[10] S. Kobayashi and K. Nomizu, Foundations of Differential Geometry,
vol. 2.
[11] A. Kollross, A classification of hyperpolar and cohomogeneity one
actions, Trans. Amer. Math. Soc. 354(2), 571-612 (2002).
[12] Dominic S. P. Leung, The reflection principle for minimal subman-
ifolds of Riemannian symmetric spaces, J. Differential Geometry, 8
(1973), 153-160.
[13] T. Matsuki, Double coset decompositions of reductive Lie groups
arising from two involutions, Journal of Algebra 197, 49-91 (1997).
[14] T. Matsuki, Classification of two involutions on compact semisimple
Lie groups and root systems, Journal of Lie theory 12, 41-68 (2002).
[15] J. A. Wolf, Complex homogeneous contact manifolds and quaterni-
nonic symmetric spaces, J. Math. Maech. 14 (1965), 1033-1047.
147
